We prove that some torsion free crystallographic groups with the infinite abelianization are connective.
Introduction
For a Hilbert space H, we denote by L(H) the C ⋆ -algebra of bounded and linear operators on H. The ideal of compact operators is denoted by K ⊂ L(H). For the C ⋆ -algebra A, the cone over A is defined as CA = C 0 [0, 1)⊗A, the suspension of A as SA = C 0 (0, 1) ⊗ A.
which is liftable to a completely positive and contractive map φ : A → n CL(H). For a discrete group G, we define I(G) to be the augmention ideal, i.e. the kernel of the trivial representation
connectivity of G may be viewed as a stringent topological property that accounts simultaneously for the quasidiagonality of C ⋆ (G) and the verification of the Kadison -Kaplansky conjecture for certain classes of groups. Examples of nonabelian connective groups were exhibited in [3] , [5] . In [1] is formulated the following conjecture.
Conjecture 1.
If G is a discrete, countable, torsion free, amenable group, then the natural map
is an isomorphism of groups.
andĜ is connected since G is torsion free, so that we can apply the suspension result of [4] . HereĜ is the unitary dual of a group G which we identifies witĥ
Moreover, in [3] is proved that all torsion free crystallographic groups with cyclic holonomy are connective [3, Theorem 3.8].
In our paper we expanded the above result. We define some new class of connective Bieberbach groups. By a Bieberbach group we understand a torsion free crystallographic group. From [3, Lemma 3.3] any such group satisfies Conjecture 1.
Connectivity of Bieberbach groups with the infinite abelianization
We start with definition.
Definition 2.
A crystallographic group of dimension n is a compact and discrete subgroup of the isometry group E(n) = O(n) ⋉ R n of the Euclidean space R n .
From Bieberbach theorems (see [6, Chapter 1]) any crystallographic group defines a short exact sequence
where a free abelian group Z n is a maximal abelian subgroup and H is a finite group. H is sometimes called a holonomy group of G. We have the following trivial observation, see [6, Chapter 4] .
Observation: Let G be as above, then the following conditions are equivalent.
1. The abelianization of G is infinite.
2. There exists an epimorphism f : G → Z.
G is isomorphic to
where G ′ = kerf, and α ∈ Out(G ′ ) has a finite order.
Our main result is as follows. Proposition 1. Let E α be as above. Assume that α = ν(α ′ ), where α ′ ∈ Aut(G ′ ) has a finite order and ν :
is a natural map. Then connectivity of G follows from conectivity of G ′ .
Proof: From our assumption α ′ has a finite order. Then our result follows from Lemma ([5, Corollary 3.3]) Let G, H be countable discrete amenable connective groups. Let α : H → Aut(G) be a homomorphism with finite image. Then the semidirect product G ⋊ α H is connective. Remark 1. In [2] it is proved that the following assertions are equivalent for a Bieberbach group G.
1. G is connective.
2. Every nontrivial subgroup of G has a nontrivial center.
3. G is a poly-Z group.
4.Ĝ \ {ι} has no nonempty compact subset.
The unitary dualĜ of G consists of equivalence classes of irreducible unitary representations of G. ι denotes the trivial representation.
